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, $E_{7}$ (Freudenthal Polynomial)
,










$(G_{\mathbb{C}}, \rho, V_{\mathbb{C}})$ $\mathbb{C}$ , $(G_{B}, \rho, V_{R})$ (real
form) . , ,
.
(1) irreducible regular . , $(G_{\mathbb{C}}, \rho, V_{\mathbb{C}})$
$P(x)$ , singular set , $S_{\mathbb{C}}=\{x\in Vc;P(x)=0\}$ .





1.1. $V_{R}$ $f(x)$ .
$\bullet$ (relatively-invarinat ) $f(x)$ relatively-invariant ( )
, $G$ character $\chi$ , $f(g\cdot x)=\chi(g)f(x)$
. ( $\chi$-invaraiant . )
$\bullet$ (quasi-invarinat ) $f(x)$ quasi-(relatively-)invariant ( (
) ) , G character $\chi$ , $f(x)$
$f(g\cdot x)-\chi(g)f(x)$ $0$ . ( $\chi$-quasi-
invaraiant . )($0$ -1) degree .
$\bullet$ (singular ) 3 $f(x)$ support $\mathbb{R}^{n}$ $P(x)$
, $f(x)$ singular ( ) . , $f(x)$ Fourier
singular , bi-singular( ) .
, $(G_{R}, \rho, V_{R})$ , .
3singular , “non-singular“ , singularity




(2) singuler set $S_{\mathbb{C}}$ GC GC1 $;=\{g\in G_{\mathbb{C};}P(\rho(g)x)=P(x)\}$
.
(3) relatively invariant $|P(x)|_{L}^{s}$ linear combination .
, ,
, . .
, 2 3 , ,
.
1. .
(1) $(G_{N}, \rho, V_{R})$ / .
(2) , .
2. – ?
$(G_{\mathbb{C}}, \rho, V_{\mathbb{C}})$ . GC Lie $\otimes_{\mathbb{C}}$
. $\rho$ infinitesimal $d\chi$ , $P(x)$ character $\chi$
infinitesimal character \delta \chi .
, VC character $\chi^{s}(s\in \mathbb{C})$ $u(x)$
.
(2.1) $\mathfrak{M}_{s}$ $:<d\rho(A),$ $\frac{\partial}{\partial x}>-s\delta\chi(A))u(x)=0$ , for all $A\in\emptyset c$
regular holonomic system , characteristic variety
$ch(\mathfrak{M}_{s})$ Lagrangian subvariety .
(2.2)
$ch( \mathfrak{M}_{s})=\bigcup_{:\in I}\Lambda_{i\mathbb{C}}$
. $\Lambda_{i\mathbb{C}}$ complex Lagrangian subvariety
.
holonomic system $u(x)$ cotangent bundle $T^{*}V_{R}$
microfunction , support $\bigcup_{i\in I}\Lambda_{i\mathbb{C}}$ real locus $\bigcup_{i\in I}\Lambda_{iR}$ .
$\Lambda_{iR}$ $u(x)$ , $\mathfrak{M}_{s}$
. support , $T^{*}V_{B}$ $u(x)$





, microfunction $u(x)$ principal symbol $\sigma_{\Lambda}(u(x))$ , real
Lagrangian subvariety .
.
(2.3) $ch( \mathfrak{M}_{s})=\bigcup_{:\in I}\Lambda_{i\mathbb{C}}$
complex Lagrangian subvariety $\Lambda_{i\mathbb{C}}$ singular points
Lagrangian subvariety A .
connected non-singular Lagrangian subvariety , real locus




$f$ p $\Lambda_{\ddot{v}}R$ sheaf
(2.5) $\sqrt{|\Omega_{\Lambda}.n|}j\otimes\sqrt{|\Omega_{V_{D}}|}$
real analytic section $\sigma_{\Lambda_{ij-}}(f)$ , , $f$ 1 1
. ( , $|\Omega_{\Lambda_{ijn}}|$ $|\Omega_{\gamma_{n}}|$ $\Lambda_{ijR}$ $V_{R}$ volume forms . )
section $\sigma_{\Lambda_{:jR}}(f)$ $f$ principal symbol . , real Lagarangian
$\Lambda_{ijR}$ prinacipal symbol .
, principal symbol Lagrangian subvariety
, microfunction $T^{*}V_{B}$
, – microfunction sheaf flabby
– s
. , principal symbol
. holonomic system M principal symbol , $\mathfrak{M}_{s}$
$micrc\succ local$ . ,
‘, , .
, . $P(x)$





$V_{R}$ singular set $S_{R}$ connected component .
(2.7) $|P(x)|_{V_{1}}^{s}.:=\{\begin{array}{l}|P(x)|^{s}x\in V_{iR}\emptyset \mathbb{H}0x\not\in V_{*R}\emptyset \mathbb{H}\end{array}$
. $S_{R}$ $V_{R}$ . , $\phi(x)\in$
$C_{0^{\infty}}(\mathbb{R}^{n})$ ,
(2.8) $(|P(x)|_{v_{:m}}^{s}, \phi(x))=\int_{R^{n}}|P(x)|_{y_{jn}}^{s}\phi(x)dx$
, $|P(x)|_{V_{1-}}^{s}$ $\mathbb{R}^{n}$ 4.
.
$\bullet$ , $\Re(s)>-1$ , $s$ holomorphic
. $s$ meromorphic $\mathbb{R}^{n}$
, $s\in \mathbb{C}$ .
$\bullet$ $s$ pole $s$ -1 ,
$P(x)^{5}$ $B$- .
$\bullet$ $|P(x)|_{L}^{s}$ pole Laurent , ,
support $S_{R}$ .
$|P(x)|$
(29) $|P(g\cdot x)|_{V}^{\text{ }}=|\chi(g)|\cdot|P(g\cdot x)|_{V}^{\text{ }}$
, (2.9) .
, (2.7) holonomic system (2.1)
. ( ) Lagrangian
principal symbol , principal symbol ,
principal symbol .
,
. , support $S_{R}$
, open orbit Lagrangian principal symbol
.
quasi-relatively-invariant . ,
holonomic system principal symbol ,
( ) .
, .




, , Lie $E_{7}$
. .
, 6 symplectic $Sp_{6\mathbb{C}}$ .
$E_{7\mathbb{C}}$ . $\mathbb{C}^{6}$ 6
, $<u_{1},$ $u_{2},$ $\ldots,$ $u_{6}>$ . , $GL(\mathbb{C}^{6})$
symplectic
$Sp_{6\mathbb{C}}$ $:=\{g\in GL_{6\mathbb{C}};g\cdot J=J\}$
. ,
$J$ $:=u_{1}\wedge u_{4}+u_{2}\wedge u_{5}+u_{3}\wedge u_{6}$
. $Sp_{6\mathbb{C}}$ 3 $\wedge^{3}\mathbb{C}^{6}$ . 20
, $V(20)_{\mathbb{C}}$ . , Sp6C , 14 6
2 .
$\wedge^{3}\mathbb{C}^{6}=\{x=\sum_{1}x_{1jk}u_{i}\wedge u_{j}\wedge u_{k};(*,jk) x_{*jk}\in \mathbb{C}\}$
, 14 $V(14)_{\mathbb{C}}$ ,
(31) $x_{125}=x_{163},$ $x_{124}=x_{623},$ $x_{143}=x_{523},$ $x_{416}=x_{256},$ $x_{451}=x_{356},$ $x_{452}=x_{436}$
$V(20)_{\mathbb{C}}$ . ,
$g=(g_{1},g_{2})\in G_{\mathbb{C}}=Sp_{6\mathbb{C}}\cross GL_{1\mathbb{C}}$ .
$\rho(g);x\vdash*g_{2}\cdot(g_{1}\cdot x)$
$V_{\mathbb{C}}$ , $(G_{\mathbb{C}}, \rho, V_{\mathbb{C}})$ regular .
, V(14)C .
(3.2) $V(14)_{\mathbb{C}}=\{(x_{0}, y_{0}, X, Y);x_{0}=x_{123}, y_{0}=x_{456}, X,Y\in M_{3}(\mathbb{C})\}$.
,
$X=(\begin{array}{lll}x_{423} x_{143} x_{124}x_{523} x_{153} x_{125}x_{623} x_{163} x_{126}\end{array})Y=(\begin{array}{lll}y_{156} y_{416} y_{451}y_{256} y_{426} y_{452}y_{356} y_{436} y_{453}\end{array})$




(3.3) $P(x)=(x_{0}y_{0}-tr(XY))^{2}+4x_{0}$ det(Y)+4$y_{0} \det(X)-4\sum_{1j}\det(X_{1j})\det(Y_{ji})$
. , $X_{1j}$ $X$ $i$ $j$ $2\cross 2$
.
,
(3.4) $V(14)_{\mathbb{C}}=\mathbb{C}\oplus \mathbb{C}\oplus Sym_{3}(\mathbb{C})\oplus Sym_{3}(\mathbb{C})$
( , $Sym_{3}(\mathbb{C})$ $3\cross 3$ ) ,
,
(35) $V(20)_{\mathbb{C}}=\mathbb{C}\oplus \mathbb{C}\oplus Her_{3}(\mathbb{C}_{\mathbb{C}})\oplus Her_{3}(\mathbb{C}_{\mathbb{C}})$
(3.6) $V(32)_{\mathbb{C}}=\mathbb{C}\oplus \mathbb{C}\oplus Her_{3}(\mathbb{H}_{\mathbb{C}})\oplus Her_{3}(\mathbb{H}_{\mathbb{C}})$
(3.7) $V(56)_{\mathbb{C}}=\mathbb{C}\oplus \mathbb{C}\oplus Her_{3}(\ )\oplus Her_{3}(C_{\mathbb{C}})$
. , $Her_{3}(-)$ (-) $3\cross 3$
, $\mathbb{C}_{\mathbb{C}},$ $E_{\mathbb{C}},$ $\mathbb{C}_{\mathbb{C}}$ , , Cayley
( ) . 5 ,
, , 6 , (3.3)
, (3.5), (3.6), (3.7) .
$P(x)$ $GL(V_{\mathbb{C}})$ $G_{\mathbb{C}}^{1}$ , $G_{\mathbb{C}}=G_{\mathbb{C}}^{1}\cross GL_{1\mathbb{C}}$
$V_{\mathbb{C}}$ . $V(20)_{\mathbb{C}}$ , $V(32)_{\mathbb{C}}$ , $V(56)_{\mathbb{C}}$
$G_{\mathbb{C}}^{1}$ 6 $SL_{6\mathbb{C}}$ , 12 $Spin_{12\mathbb{C}},$ $E_{7}$ $E_{7\mathbb{C}}$







5 $Her_{3}(\mathbb{C}_{\mathbb{C}})\simeq M_{6}(\mathbb{C}),$ $Her_{3}(\mathbb{H}_{\mathbb{C}})\simeq Alt_{12}(\mathbb{C})$
. $Alt_{12}$ (-) $12\cross 12$ (-) .




(3.9) $\mathbb{C}\mapsto \mathbb{C}_{\mathbb{C}}\mapsto \mathbb{H}_{\mathbb{C}}\mapsto C_{\mathbb{C}}$
, ,
(3.10) $Sym_{3}(\mathbb{C})\mapsto Her_{3}(\mathbb{C}_{\mathbb{C}})\mapsto Her_{3}(\mathbb{H}_{\mathbb{C}})\mapsto Her_{3}(\mathbb{C}_{\mathbb{C}})$
. ,
(3.11) $V(14)_{\mathbb{C}}\mapsto V(20)_{\mathbb{C}}\mapsto V(32)_{\mathbb{C}}\mapsto V(56)_{\mathbb{C}}$
. $V$ (56)C $P(x)$ $V(32)_{\mathbb{C}}$ ,
$V(20)_{\mathbb{C}},$ $V(14)_{\mathbb{C}}$ ,
$GL(V_{\mathbb{C}})$ $G_{\mathbb{C}}^{1}$ .
$(G_{\mathbb{C}}, \rho, V_{\mathbb{C}})$ orbit
. , .
3.1. (1) $V(14)_{\mathbb{C}}$ $G_{\mathbb{C}}=Sp_{6\mathbb{C}}\cross GL_{1\mathbb{C}}$ 5 orbits .
$V(14)_{\mathbb{C}}=O_{\mathbb{C}}\cup S_{1\mathbb{C}}\cup S_{2\mathbb{C}}\cup S_{3\mathbb{C}}\cup S_{4\mathbb{C}}$
, . , orbit $(x_{0}, y_{0}, X, Y)\in$
$V(14)_{\mathbb{C}}$ .
$O_{\mathbb{C}}$ : $(1, 0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 1 00 0 1\end{array}))$
$S_{1\mathbb{C}}$ : $(1, 0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 1 00 0 0\end{array}))$
$S_{2\mathbb{C}}$ : $(0,0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 1 00 0 0\end{array}))$
$S_{3\mathbb{C}}$ : $(1, 0,$(0) $,$(0) $)$
$S_{4\mathbb{C}}$ : $(0,0,$(0) $,$(0) $)$
(2) , $V(20)_{\mathbb{C}},$ $V(32)_{\mathbb{C}},$ $V(56)_{\mathbb{C}}$ (3.11) ,




, real form ( ) . real form
7. , (3.4), (3.5), (3.6), (3.7) $\mathbb{C}$
$\mathbb{R}$ real form . ,
(3.12) $V_{R}=V(14)_{R}=\mathbb{R}\oplus R\oplus Sym_{3}(\mathbb{R})\oplus Sym_{3}(\mathbb{R})$
(3.13) $V_{R}=V(20)_{R}=R\oplus \mathbb{R}\oplus Her_{3}(\mathbb{C})\oplus Her_{3}(\mathbb{C})$
(3.14) $V_{R}=V(32)_{R}=\mathbb{R}\oplus \mathbb{R}\oplus Her_{3}(\mathbb{H}_{R}^{d})\oplus Her_{3}(\mathbb{H}_{R}^{d})$
(3.15) $V_{R}=V(56)_{R}=\mathbb{R}\oplus \mathbb{R}\oplus Her_{3}(\mathbb{C}_{B}^{d})\oplus Her_{3}(C_{R}^{d})$
. , , , $\mathbb{R}$ Hamilton
, $\mathbb{R}$ Cayley ( ) . (3.3) $P(x)$
, V, , GL(VR)
$G_{\mathbb{C}}^{1}$ real form . $G_{R}^{1}$ . , $V(14)_{R}$ $G_{R}^{1}$
$Sp_{6R},$ $V(20)_{R}$ $G_{R}^{1}$ $SU(3,3)_{R},$ $V(32)_{R}$ $G_{R}^{1}$ $Spin_{6H_{n}^{d}},$ $V(56)_{R}$
$G_{R}^{1}$ $E_{7\mathbb{R}}^{(-25)}$ , 8. $G_{\mathbb{C}}$ real form $G_{R}$ $G_{R}^{1}\cross GL_{1j\mathbb{R}}$ .
real form , .
(3.16) $\mathbb{R}\mapsto \mathbb{C}\mapsto ffl_{R}^{d}\mapsto C_{R}^{d}$
(3.17) $Sym_{3}(\mathbb{R})\mapsto Her_{3}(\mathbb{C})\mapsto Her_{3}(\mathbb{H}_{R}^{d})\mapsto Her_{3}(\mathbb{C}_{R}^{d})$
7 , $Sp_{6\mathbb{C}}\cross GL_{1\mathbb{C}}$ 1 , $SL_{6\mathbb{C}}\cross GL_{1\mathbb{C}}$ 3 , Spin $12\mathbb{C}^{\cross GL}1\mathbb{C}$
3 , $E_{7\mathbb{C}}\cross GL_{1\mathbb{C}}$ 2 , real forms .
8 , $SU(3,3)_{R}$ signature $(3, 3)$ , $Spin_{6}$ 6




(3.18) $V(14)_{B}\mapsto V(20)_{N}\mapsto V(32)_{R}\mapsto V(56)_{B}$
.
, complex , $G_{B}^{+}$ orbit $V(14)_{B}$
. real forms orbits .






, $O_{R}$ , Si $(i=1,2,3,4)$ , $O_{\mathbb{C}}\cap V(14)_{R},$ $S;c\cap V(14)_{B}(i=$
$1,2,3,4)$ .
(2) $(x_{0}, y_{0}, X, Y)\in$ .
$\bullet$ $O_{R}$ orbits.
$[A]$ : $(1, 0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 1 00 0 -l\end{array}) )$
$[B]$ : $(1, 0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}I1 0 00 1 00 0 1\end{array}) )$
$[C]$ : $(-1,0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}) , (\begin{array}{lll}1 0 00 1 00 0 l\end{array}) )$
9 , orbit $[A],[B]$ , (




$[D]$ : $(1, 0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 1 00 0 0\end{array}))$
$:(-1,0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}) (\begin{array}{lll}l 0 00 1 00 0 0\end{array}))$
$\bullet$ $S_{2B}$ orbits.
[I] : $(0,0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}l 0 00 1 00 0 0\end{array}))$
$[J]$ : $(0,0, (\begin{array}{lll}0 0 00 0 00 0 0\end{array}), (\begin{array}{lll}1 0 00 -l 00 0 0\end{array}))$
$\bullet$ orbits.
$S_{3R}$ : $(1, 0,$(0) $,$(0) $)$
$S_{4R}$ : $(0,0,$(0) $,$(0) $)$
(3) $V(20)_{B},$ $V(32)_{R},$ $V(56)_{R}$ , (3.18)
2. .













, . $V(14)_{R},$ $V(20)_{R},$ $V(32)_{R}$
, , $V(56)_{R}$ .
$V(56)_{B}$ , (singular invariant) \chi 8-invariant , $\chi^{s_{-}}$
quasi-invariant , , $s$ $s=-1,$ $-2,$ $\ldots$ $s=-11/2,$ $-13/2,$ $\ldots$
. , $Inv(s)$ $\chi^{s}$ -invariant , $Inv^{(k)}(s)$ degree $k$
$\chi^{s}$-quasi-invariant . , singular ( bi-singular)
, . , 10 4
.
Case 1: $Inv(-1)\simeq Inv(-2)\simeq\cdots\simeq Inv(-13)$
Case 2: $Inv(-14)\simeq Inv(-15)\simeq\cdots$
Case 3: $Inv(- \frac{11}{2})\simeq Inv(-\frac{13}{2})\simeq\cdots\simeq Inv(-\frac{17}{2})$





2. $(E_{7}\cross GL_{1\mathbb{C}}, 56- dim. rep\otimes\square )$
, $|P(x)|_{L}^{s},$ $(L=A, B, C)$ $s$ Laurent
, . ,
.
10 , , support .
114
( )
$\bullet$ $Inv(-1)$ . $s=-1$ ,
$|P(x)|_{L}^{\text{ }}= \sum_{n=-1}^{\infty}(s+1)^{n}P_{n}(L, -1)$ , $(L=A, B, C)$
Laurent .
(1) $P_{-1}(A, -1)$ $P_{-1}(C, -1)$ , singular bi-singular . ,
$P_{-1}(B, -1)=P_{-1}(A, -1)+P_{-1}(C, -1)$
, $Inv(-1)$ , singular 2 .
(2) ,
$P_{0}(B, -1)-(P_{0}(A, -1)+P_{0}(C, -1))$
non-singular . (1) singular
$Inv(-1)$ .
$\bullet\frac{Inv(-2)\simeq Inv(-3)\simeq\cdots \text{ }}{\partial}$
$P()\overline{\partial x}$ ,
$P( \frac{\partial}{\partial x})Inv(-k)=Inv(-k-1)$
$(k=1,2, \cdots , 12)$ , support ,
$Inv(-1)$ $P( \frac{\partial}{\partial x})$
.
$\bullet Inv(-\frac{11}{2})$ .
$|P(x)|_{L}^{s}= \sum_{n=-1}^{\infty}(s+\frac{11}{2})^{n}P_{n}(L, -\frac{11}{2})$ , $(L=A, B, C)$
Laurent . , $P_{-1}(B, - \frac{11}{2})=0$ .
(1)
$P_{-1}(A, - \frac{11}{2})-3P_{-1}$ [ $C$. $- \frac{11}{2}$ )
$Inv(- \frac{11}{2})$ bi-singular . bi-singular
1 .
(2) $P_{-1}(A, - \frac{11}{2}),P_{-1}(C, -\frac{11}{2})$ $Inv(- \frac{1I}{2})$ singular
.
(3) $P_{-1}(A, - \frac{11}{2}),P_{-1}(C, -\frac{11}{2})$ , $P_{0}(B, - \frac{11}{2})$ non-singular
. (2) $Inv(- \frac{11}{2})$ .
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$E_{7}$
$\bullet$ $Inv(- \frac{13}{2})\simeq Inv(-\frac{1S}{2})\simeq\cdots$ .
$P( \frac{\partial}{\partial x})Inv(-\frac{11}{2}-k)=Inv(-\frac{11}{2}-k-1)$
$(k=0,1,2)$ .
$\bullet$ $Inv(- \frac{19}{2})$ .
$|P(x)|_{L}^{s}= \sum_{n=-2}^{\infty}(s+\frac{19}{2})^{n}P_{n}(L, -\frac{19}{2})$ , $(L=A, B, C)$
Laurent . , $P_{-2}(B, - \frac{19}{2})=0$ .
(1) $Inv(- \frac{19}{2})$ bi-singular .
(2) $Inv(- \frac{19}{2})$ singular 2 , , $P_{-2}(A, - \frac{19}{2})=$
$3P_{-2}(C, - \frac{19}{2})=\frac{3}{2\pi}P_{-1}(B, -\frac{19}{2})$ $P_{-1}(A, - \frac{19}{2})-3P_{-1}(C, -\frac{19}{2})$
.
(3) $Inv(- \frac{19}{2})$ non-singular 1 ,
$P_{0}(B, - \frac{19}{2})-2\pi P_{-1}(C, -\frac{19}{2})$ . (2)
, $Inv(- \frac{19}{2})$ .
$\bullet$ $Inv(- \frac{21}{2})\simeq Inv(-\frac{23}{2})\simeq\cdots$ .
$P( \frac{\partial}{\partial x})Inv(-\frac{19}{2}-k)=Inv(-\frac{19}{2}-k-1)$
$(k=0,1,2, \cdots)$ .
$\bullet$ $Inv^{(1)}(- \frac{19}{2})$ .
quasi-invariant ,
(1) $Inv(- \frac{19}{2})$
$P_{-1}(A, - \frac{19}{2})$ ( $-3P_{-1}(C,$ $- \frac{19}{2})$ )
$Inv^{(1)}(- \frac{19}{2})$ singular .
(2) $Inv(- \frac{19}{2})$ (1) $P_{0}(A, - \frac{19}{2})-3P_{0}(C, -\frac{19}{2})$ $P_{1}(B, - \frac{19}{2})-$
$2 \pi P_{0}(C, -\frac{19}{2})$ non-singular $Inv^{(1)}(- \frac{19}{2})$
.






$|P(x)|_{L}^{s}= \sum_{n=-1}^{\infty}(s+14)^{n}P_{n}(L, -14)$ , $(L=A, B, C)$
Laurent .
(1) $Inv(-14)$ bi-singular .















supp$(P_{-1}(A, - \frac{11}{2})-P_{-1}(C, -\frac{11}{2}))=\overline{[J]}$
$\bullet Inv^{(1)}(-\frac{19}{2})$
supp$(P_{-2}(A, - \frac{19}{2}))=\overline{S_{3B}}$









supp$(P_{-1}(A, -14)+P_{-1}(B, -14)+P_{-1}(C, -14))=S_{4R}=$
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